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Introduction

Since the beginning of operations research, the optimization tools have extensively been used
for developing the agriculture production planning decision support tools (for recent contribution
see e.g. [17]). The optimization problems in agricultural sciences are more difficult to solve by
common optimization techniques than similar problems in other areas due to the complexity of
decision making that has to take into account the environmental aspects. Typically, the problems
deal with uncertainty and, therefore, the formulated mathematical programming models should be
approached by the methods of stochastic programming. The stochastic programming approach to
production planning in agriculture is currently under worldwide research and some models solving
particular stochastic optimization problems were developed (see e.g. [3], [2], [15], [22]).

Other source of complexity in agriculture production planning follows from the crop succession
requirements which are not easy to incorporate into mathematical programming models. Currently,
there is a running research on the inclusion of the crop rotation restrictions into mathematical
programming models of production planning in agriculture. In [11], the method of writing the crop
succession requirements as linear programming constraints in an LP-based model for agricultural
production planning is presented and in [5] the dynamical programming approach to crop rotation
modeling is described. Various approaches are used for developing the local agricultural decision
support models considering crop rotation (see [6] for network flow, [14], [19] for linear programming
[18],[2] for stochastic programming and [20] for dynamic control approach). Some software tools
supporting the agricultural decision making concerning crop rotations were developed (see [7], [1]).

The randomness of the key parameters of the optimization problem and the need for following
the rotation rules as key features of the production planning optimization problem should enter the
related mathematical programming model to serve as a decision making support tool. However, a
combination of these two aspects in a single model is overall rare (for a similar problem in potato
research see [16]). Hence, none of the results of the current research in the field of agriculture
production planning is immediately applicable to problems comprising both of the above mentioned
features. Moreover, the models developed so far are rather complex and not easily solvable by
common SW tools.

Generally, farmers in the Czech Republic decide about the sowing plan for the next period
using their expert knowledge and the past experience. Apart from the rotation rules, their decision
making is restricted by many other factors such as cost, labor, manure, or land availability. Other
restrictions arise due to more strict ecological rules being incorporated into the agricultural business
in the Czech Republic concerning water and soil preservation, etc. These new restrictions will make
the decision making in agriculture production planning more complex and the results obtained by
intuitive approaches may considerably differ from the optimal solution. Therefore, the decision
support systems - not being used so far - are becoming more important for the Czech farmers.

The aim of this paper is to develop an agriculture production planning decision making support
model covering the stochastic nature of the harvest parameters entering the problem and incor-
porating the crop succession requirements into the model as a set of linear re-sowing constraints
in such a way that the resulting model can be processed by EXCEL. Such an approach offers the
farmers a mathematical-programming-based user-friendly alternative to estimative decision making
used so far. The model will be developed using the real situation of typical representative farm.

In Sec. 2 the stochastic programming model of a farmer’s production planning is formulated
and in Sec. 3 detailed description of the re-sowing constraint construction is provided. The model
developed is applied to a particular problem of the South Moravian farm and the model properties
are demonstrated and discussed in Sec. 4. Finally, in Sec. 5 the re-sowing constraint is verified
with respect to covering the local crop succession requirements and the validation of the model as
a whole is carried out using the Monte Carlo simulation.

1



Stochastic programming approach to farm production planning

The farmer’s objective is to maximize profit from the future harvest for a given area of arable
land. The aim is to find total areas of land to be cropped by particular crop plants. We consider a
representative typical farm in the Czech republic managing a single compact one-soil type area of
land. Note that about 70% of total arable land is controlled by agricultural cooperatives farming on
areas of up to 1500 ha in the Czech Republic with the areas mostly undivided and compact, hence,
due to the soil conditions in the Czech Republic, very often the soil at a farm can be considered
to be of a single type. If not, it can be divided into several areas of one soil type for each of which
the presented model can be applied. As typical for these farms, we will assume associated animal
production generating the requirements on a certain level of feed crops and limiting the manure
available. We assume that the crop succession rules must be obeyed and the farmer uses his own
capital.

Let us consider first the general production planning problem without crop rotation restrictions.
The farm maximizes its profit from the production under restrictions on land, manure and capital
and also specific restrictions resulting from the associated animal production may arise. This
optimization task can be formulated as a mathematical programming problem:

z� = max Σni=1cixi (1)
n�

i=1

ai jxi ≤ bj (2)

qixi ≥ Qi (3)
xi ≥ 0, 1 ≤ i ≤ n. (4)

where the decision variables xi stand for areas of arable land planted with crop i . In the objective
function (1) the parameters ci are the random variables of total profit per 1 ha of planted crop i
defined as follows:

ci = piqi − ni , (5)

qi being the random variable yield of the respective crop-plant i. We consider ni (total costs per
1 ha of arable land planted by crop i) and pi (selling price for 1 ton of crop i), 1 ≤ i ≤ n, constants
of known values. Apart from standard inequality constraints (2) where ai j , bj are known constants,
the model must cover also the restrictions on minimal feasible harvests of particular crops (3).

The formulation (1–4) seems to represent a linear programming model but, as the harvests qi
must be seen as random variables, the problem appears to be of a stochastic nature. Note that,
through (5), the profits ci are random as well. The prices per ton pi change from one harvest to
another, but for the purpose of this model we assume that, for the next period, the prices are already
given (their respective values are obtained by the expert estimation of the farm management).

We will employ the Markowitz criterion to obtain a deterministic equivalent of the objective
function in the stochastic programming problem (1–4). Note that there is a number of approaches
to the transformation of a stochastic program into a deterministic one. The Markowitz model was
one of the first approaches used in the agriculture production planning optimization under risk (see
[9]). The main idea is to maximize the expected return and simultaneously minimize the variability
of return. Following [9], we assume the yields and unit profits being normally distributed random
variables qi ∼ N(µi ,σ2i ), ci ∼ N(γi , σ̃2i ). Denoting

Σ the covariance matrix of the random vector (c1, . . . , cn)

x the decision variables vector,

a the risk aversion coefficient,
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the Markowitz-type objective function takes the form

z� = min

�
a

2
xΣxT − γxT

�
,

where the maximization of the random profit (1) is replaced by the minimization of the difference
between the terms representing the variability and the mean value of total profit. Further, the con-
straint (3) where the random parameters qi appear must be replaced by a deterministic constraint.
Commonly, this is done through a requirement that the respective restrictions should be satisfied
at least with probability π (see [8]). This requirement can be written as

P{Qi − qixi ≤ 0} ≥ π,

which, after standardization, can be rewritten as

F

�
µixi −Qi
σixi

�
≥ π,

where F denotes the cumulative distribution function of the standard normal distribution. Finally,
we obtain a deterministic constraint in the form

�
µi − F−1(π)σi

�
· xi ≥ Qi .

This means that it is required that the area sown by a certain crop should be greater than the area
where the expected value of harvests is equal to the required value. Note that the probability π
must be set to a reasonable level for the constraint to produce feasible and realistic area limits.
The initial stochastic programming problem (1–4) is now transformed into a deterministic quadratic
programming problem:

z� = min

�
a

2
xΣxT − γxT

�
(6)

n�

i=1

ai jxi ≤ bj (7)

�
µi − F−1(π)σi

�
· xi ≥ Qi (8)

xi ≥ 0, 1 ≤ i ≤ n. (9)

The crop re-sowing constraints

The crop re-sowing constraints ensure that the same crop will not be re-sowed on one piece of
land during relevant number of years and that the prohibited succession of two different crops will
not appear. These restrictions can be represented by a system of linear inequalities. Denote n the
number of crop types planted by a particular farm, and xi , 1 ≤ i ≤ n the area planted by crop i .
Then the constraints are generated using the algorithm (for simplified version see [12])

for p =1 to n:
for each p-combination { i1, . . . , ip} from a set { 1, . . . , n } :

p�

s=1

xis ≤ X − x̃i1...ip − ỹi1...ip (10)

where X is the total area of arable land available, x̃i1...ip is the total area cropped with all the crops
i1 . . . ip during the r(i1), . . . , r(ip) past years, r(is) is the number of years after which the crop is
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Table 1: Crop design history

field A B C D
2 years ago 1 2 4 2
1 year ago 2 4 2 3

Table 2: The values of x̃i1 ỹi1 for particular crops

crop 1 2 3 4
x̃i1 [ha] 1 2 0 0
ỹi1 [ha] 1 1 0 0

may be planted on the same area, ỹi1...ip is the total area not cropped with all the crops i1, . . . , ip
during relevant past years, but cropped last year with the crop plants after which none of the crops
i1, . . . , ip may succeed.

Let us perform the construction of the resowing constraint using a small-scale example. Let us
have only four types of crops (i.e. n = 4). Crop 1 may be resowed after 2 years (i.e. r(1) = 2) on
the same piece of land, while crop 2 after 1 year (i.e. r(2) = 1) and both of them must not directly
succeed crop 3. Other two crop types may be resowed without restrictions (i.e. r(3) = r(4) = 0).
Let us have 4 fields (A, B, C, D) each of them of 1 ha area and suppose there is a 2 years history
of the crop design for each field known (see table 1).
For p = 1 we get the first set of conditions:

xi1 ≤ X − x̃i1 − ỹi1 , (11)

where on the left-hand side, there is the total area of land sowed by the crop i1, and on the right-
hand side, there is the total area of the arable land available less the area, where the crop i1 was
sowed during past r(i1) years and less the area not already covered by x̃ii , where the crop, that
must not precede to crop i1 was sowed last year. Hence, taking into account that i1 gradually
takes all the combinations of the indexes 1, 2, 3, 4, the condition (11) represents four constraints,
each of them for one of the crops planted in the farm. These constraints can be written down
enumerating the values of the prohibited areas x̃i1 ỹi1 from the crop history (see table 2). The
constraints 11 take the form:

x1 ≤ 2, x2 ≤ 1, x3 ≤ 4, x4 ≤ 4. (12)

If no other constraints entered the problem, the solution x1 = 2, x2 = 1 would be feasible. However,
sowing crop 1 on the fields B and C there is no feasible field for planting crop 2. Therefore, another
set of constraints must emerge in the problem.

Indeed, for p = 2, restriction (10) leads to

xil + xi2 ≤ X − x̃i1i2 − ỹi1i2 . (13)

On the left-hand side, there is the total area of the arable land sowed by crop i1 or crop i2. On the
right-hand side, there is the total area available less the area, where both of the crops occurred
during past relevant numbers of years and less the area not included in x̃i1i2 , where the crops after
which both crops i1 and i2 must not succeed were sowed last year. In (13), coefficients (i1, i2)
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range over all the combinations of size 2 from the set {1, 2, . . . , n}. Hence, (13) forms a set of
conditions for all pairs of crops planted:

x1 + x2 ≤ 2 (14)
x1 + x3 ≤ 4 (15)

...

The total area cropped by plants 1 and 2 is decreased in (14) by 1 ha were both plants were cropped
during relevant number of years and by another 1 ha on which plant 3 was planted last year.The
other constraints arising for p = 2 and all for p = 3 need not be written, because crops 3 and 4
need not meet any succession requirements and all of the possibly arising constraints are included
in (16) as obtained for p = 4:

x1 + x2 + x3 + x4 ≤ 4. (16)

Hence, the case of sowing more than one crop at the same time in the same area gets prevented.
Although it seems that there will be a large number of conditions in the model and handling the
model will be complicated, thanks to the low real number of both the crops planted on farms and
number of years during which the crops cannot be resowed in the same area, the volume of the
model remains reasonable.

Planning the production: The South Moravian farm case

In this section, we consider a typical agricultural production unit in Czech Republic: the agriculture
cooperative farms in the South Moravian region on the area of 1325 ha. Due to the favorable
weather and natural conditions in the Czech Republic, the farmer is not bothered by irrigation or
other worldwide problems and the sowing plan decision making is restricted simply by constraints
on

• total area of arable land available (X),

• capital (N),

• maximal area fertilized by manures (M),

• minimum volume of feed crops (Qi , i , 1 ≤ i ≤ n),

• minimal resp. maximal area cropped by particular crop (Ai resp. Bi , i , 1 ≤ i ≤ n),

• re-sowing of the crops.

Note, that also many other constraints may be taken into account depending on a particular farmer,
the restrictions listed above represent the set of restrictions typical for the agriculture business in
Czech Republic. We assume that there is only one soil type in the whole area of arable land of a
particular farmer. Hence, all the crops may be planted on any part of the arable land. The farmer
uses his own capital, which must cover the total costs of planting all the crops. The total costs
Ci of planting crop i consists of the costs of seeds, labor and machine time used for planting the
particular crop. The constraints on the maximal area fertilized by manure and the thresholds for
the areas cropped by particular crops follow from the livestock breeding potential and needs at the
particular farm. Finally, the crop re-sowing constraints stem from the fact, that a succession of
certain crops on the same piece of land is not allowed or not advisable, otherwise soil fertility will
decrease or the crops may become susceptible to diseases.
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The model solution: process and results

A particular case of planning the production for the next period in a South Moravian agriculture
cooperative is considered. The data were gathered in [13], where a linear programming problem
without rotation restrictions was solved. The decision variables xi are defined as the areas planted
by particular crops (see Tab. 3). Due to different prices of the food and feed crops, each area
sowed by one agricultural crop was split into two decision variables. Nevertheless, the harvest
characteristics are for both food and feed type of the crop the same.The quadratic programming
model discussed in Sec. 2 takes, for the particular case of a South Moravian farm, the form

z� = min

�
a

2
xΣxT − γxT

�
(17)

n�

i=1

nixi ≤ N (18)

n�

i=1

mixi ≤ M (19)

�
µi − F−1(π)σi

�
· xi ≥ Qi (20)

xi ≥ Ai (21)
xi ≤ Bi (22)

p = 1 to n :

for each p − combination {i1, . . . , ip} from{1, . . . , n} :
p�

s=1

xis ≤ X − x̃i1...ip − ỹi1...ip (23)

xi ≥ 0, 1 ≤ i ≤ n. (24)

The restrictions on the total capital available are contained in (18) where ni are unit costs and
N denotes the budget. The constraint (19) reflects the restriction on the total manure available
in a simplified form. The amount of manure used on each field depends on both the plant to be
cropped and the preceding production on the field. To keep the model simple, we quantify in (19)
the approximate rule used by the farmer himself in routine decision making about crop plan. The
maximal area that can be fertilized by manure is M = 400 ha (this corresponds to the amount of
manure available and the average amount of manure used per 1 ha). Based on experience, the
farmer states, that, considering this "average fertilization", the corn area is commonly fertilized
on 2/3 of acreage, spring barley and oilseed rape on 1/5 of acreage and potatoes on the total
acreage (these coefficients are denoted mi in constraint (19)). The restriction (20) ensures that
the expected yield of feed crops will be at least at the minimum acceptable level and conditions
(21) and (22) ensure the maximal and minimal areas cropped by particular crops and (23) are the
crop resowing constraints developed in Section 3.

The parameters of the constraints are listed in Tab. 4.
Identifying the minimum number of years after which each crop can be resowed on the same

area and the prohibited succession of crops (see e.g. [23]), the set of resowing constraints (23) is
generated:

Σ9k=1xk ≤ 979,

x12 ≤ 131, (25)
x12 +Σ

9
k=1xk ≤ 1125,

Note that, for the purpose of generating the constraint, crops 1 – 9 were clustered together as
cereals. The model was solved for the circumstances of the year 2009, for π = 0.75, which reflects
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Table 3: Decision variables

xi area sowed by
x1 winter food wheat
x2 winter feed wheat
x3 spring food wheat
x4 spring feed wheat
x5 winter food barely
x6 winter feed barely
x7 spring food barely
x8 spring feed barely
x9 triticale
x10 corn
x11 corn silane
x12 oilseed rape
x13 potatoe
x14 grass
x15 grass seed

Table 4: The parameters of the problem

i γi [CZK/ha] mi Qi [t] ni [CZK/t] pi [CZK/ha] µi σ2i
1 2590,0 0 - 20524 3900 5,93 0,46
2 1373,3 0 380 17592 3200 5,93 0,46
3 1764,5 0 - 15428 3900 4,41 0,93
4 882,7 0 70 13224 3200 4,41 0,93
5 5513,9 0 - 16088 5300 4,08 0.82
6 1384,3 0 70 12066 3300 4,08 0.82
7 5570,5 0,2 - 17776 5300 4,41 0.41
8 1204,5 0,2 300 13332 3300 4,41 0.41
9 433,7 0 - 15457 3200 4,97 0,57
10 1856,0 0,666667 - 33408 4800 6,19 8.43
11 1726,5 0,666667 7900 15906 600 29,39 38,72
12 3185,3 0,2 - 24256 8800 3,12 0,35
13 1397,1 1 - 64589 2740 24,08 19,97
14 -561,5 0 - 12933 485 25,51 13,16
15 3041,3 0 - 8420 26500 0,43 0,01
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Table 5: The optimization results for π = 0.75 and different settings of risk aversion parameter a

a·106 0-0.5 0.6 0.7 0.8 0.9 1.0 decision made
x1 winter food wheat 277 272 256 223 194 183 188
x2 winter feed wheat 69 69 69 69 69 69 78
x3 spring food wheat 0 4.5 11 8 0 0 0
x4 spring feed wheat 17 17 17 17 24 36 13
x5 winter food barley 2 2 2 2 2 2 0
x6 winter feed barley 20 20 20 20 20 20 17
x7 spring food barley 254 254 254 254 254 254 260
x8 spring feed barley 76 76 76 76 76 76 74
x9 triticale 0 0 9 40 40 40 0
x10 corn 20 20 20 20 20 20 29
x11 corn silage 314 314 314 314 314 314 230
x12 oilseed rape 131 131 131 131 126 122 230
x13 potatoes 0 0 0 0 0 2 0
x14 grass 60 60 60 65 100 100 79
x15 grass seed 85 85 85 85 85 85 64

the real farmer’s attitude to keeping the constraint (3) and for several values of the risk aversion
coefficient a = 0, 0.1 · 10−6, . . . , 1 · 10−6 covering the low aversion to risk with a = 0 up to high
risk aversion attitude of the decision maker with a = 1 · 10−6. The results of the optimization
model for all choices of parameter a can be compared to the real decision of the farmer in Tab 5.
The differences between the model results and the real decision are not great except area cropped
by oilseed rape. In the optimized model, the oil seed rape area (122 ha –131 ha) is much smaller
than the one in the real plan of the cooperative (230 ha). The resowing constraint allows cropping
only 131 ha of land by oilseed rape, but the resulting area is, for higher risk aversion coefficient,
even smaller due to the variability in oilseed rape harvests. Hence, for the year 2009, the farmer
broke the crop succession restrictions and his solution is infeasible by the model. In Sec. 5.2, we
will compare the expected profit for the optimal plans obtained by the model with the farmer’s
decision.

Solving the model in Excel

The quadratic programming problem (17-24) can be solved using any available optimization soft-
ware including the Solver in Excel. The standard Excel Solver has a limit of 200 decision variables
or changing cells. It also imposes a limit on the number of constraints in a situation where the
problem is nonlinear (there is a limit of 100 constraints other than constant bounds on the vari-
ables and integer constraints). Since, in our quadratic programming problem, there are 15 decision
variables and about 50 constraints including constant bounds, Solver appears to be an appropriate
software tool for finding the solution. Note that the covariance matrix and mean values needed
as parameters in the model can easily be enumerated with the use of Excel. Also the right hand
sides of the re-sowing constraints (23) (quantified for the particular case study in (25)) can be
determined with the help of Excel, but one must be aware of the fact that all the crop history
on each field must be entered into the spreadsheet table. In the event that there is no electronic
version of the crop history at a farm, it may appear more simple to determine the left hand sides
of re-sowing constraints by hand.
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Figure 1: Arable land for cereals and oilseed rape: the re-sowing constraint limits compared to real
decision (period 2000-2008).

Verification and validation of the model

The model aiming to serve as a decision support tool must be technically correct and valid in
the sense of fulfilling the goals for which it was created (see [10]). In our optimization problem,
we claim the practical feasibility of the solution (i.e. all relevant and important constraints must
be fulfilled) and the maximal profitability of the solution. We assume that the model (17-22) is
verified since it is a standard approach to crop plan optimization problem developed by Freund [9]
and later on applied by many authors to agricultural optimization problems (see e.g. [4]). Only the
re-sowing constraint as a modification of the well known model should be verified. This constraint
ensures that the optimal sowing plan meets the crop succession requirements. The verification will
be done by comparing the limits for areas of arable land for particular crops generated by re-sowing
constraints with the real past sowing plans (see Fig. 1). Since the crop succession requirements
for wheat, barley and triticale are generally the same, we can cluster all these crops as ’cereals’
when enumerating the re-sowing constraints. In the particular case of the South Moravian farm,
the area restrictions arise for cereals, oilseed rape and potatoes, but as potatoes have not been
cropped at the farm since 2000, we do not take them into account in enumerating the constraints.
Applying the constraint formula (23), the limits for areas sowed by cereals, oilseed rape and both
of them together were enumerated using the database of sowing plans realized by the farmer in
the period 1995-2008.1 Comparing the real sowing plans and constraint limits (see Fig. 1) we can

1Since oilseed rape may be resowed on the same piece of land not earlier than after 5 years, the first five years of
the data set were used only as basis for the constraint calculation.
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Figure 2: The confidence intervals for profit mean and standard deviation according to decider’s
risk attitude

see, that the farmer has been deciding in accordance with enumerated limits up to two exceptions
in 2000 and 2007 where the farmer did not meet the crop succession requirements for cereals.
Hence, the re-sowing constraint represents the true restrictions covered in the farmer’s production
planning except the cases when the succession requirements are disregarded by the farmer.

As we have seen above, the meaning of the resulting objective function in (17-22) differs from
the profit. Hence, by validation, we should check whether the optimal sowing plan generates
sufficient profit. The validation is performed using the Monte Carlo simulation and comparing the
model solution profit characteristics with those resulting from the real sowing plan at the farm for
2009 (see Tab. 5). For the purpose of the harvests simulation, the natural yields (qi) were described
using the Beta distribution (see [21]) and the correlation between crop yields was considered using
the Spearman rank correlation. Using the harvests simulation the profit characteristics (the 95%
confidence interval for mean and standard deviation) were enumerated (the calculations were done
in MATLAB). The results can be seen in Fig. 2 where, for the optimal sowing plan suggested by
the model and for the real decision of the farmer, the particular confidence intervals are visualized
for different risk aversion coefficients. We can see that, depending on the decision maker’s risk
attitude, the profit mean and standard deviation confidence intervals resulting from the modeled
optimal sowing plan can be above or below those based on the real decision. There are two
important conclusions following from the graph.

1. The profit characteristics of the model optimal solution are comparable to those obtained
by the real sowing plan, which represents the current farmer’s solution. This means that the
model considering the randomness of the related processes provides a solution generating the
profit that is comparable to the one obtained so far. The aim of using the decision support
system is of course to find a sowing plan better than the one used so far by the farmer and,
in this way, to increase the farmer’s profit. Although the current real sowing plan seems to
generate very good profit characteristics, one must take into account, that this sowing plan
breaks the re-sowing constraint because, for the oil seed rape, there is only 131 ha of land
available while the farmer sowed 230 ha of arable land by oilseed rape. The farmer assumes
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that breaking the re-sowing constraint will not affect the harvests, which is not true from the
long-term perspective. by the model such solution is infeasible, but if desired, the model can
cover such exceptions.

2. The model reflects the risk as expected: the higher aversion to risk the lower the profit mean
but also the lower the profit variance.

Conclusion

The model presented considers the harvests’ randomness and all the restrictions on total costs,
available land, available manure, minimal feasible harvests of feed crops and also crop succession
requirements carried out for the Czech Republic region by incorporating the re-sowing constraints.

The results obtained from the model represent the areas of arable land cropped by particular
crop plants and these areas fulfill the fundamental crop rotation rules while performing the expected
profit at a sufficiently high level as we have shown by the Monte Carlo validation simulation. The
re-sowing constraint itself is composed of a set of linear inequalities reflecting the crop succession
requirements. Comparing the farmer’s past sowing plan decisions and the constraint suggestions,
we have verified the constraint functionality and relevance when confirming that the farmer keeps
the upper area limits with some exceptions, when the advised crop succession rules were not kept.
The model does not determine the "pattern" of the land, hence the farmer himself has to decide
where the crops will be planted (it is, however, guaranteed by the model that such a configuration
exists). The farmer can use the results of the model as true decision supporting information
enabling him to correct or improve the up-coming sowing plan. The possibility of applying the
model in farmer’s practice is increased by the fact that the final model is solvable using an Excel
spreadsheet which is commonly available at any farm.
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